Abstract. A quadrilateral element with smoothed curvatures for Reissner-Mindlin structure plates is proposed. A curvature matrix at an a rbitrary point is normalized by a non-local approximation over a smoothing function . By choosing a constant smoothed function and applying the divergence theorem , the bending stiffness matrix calcu lated on boundaries of smoothing elements (smoothing cells) instead of on their interior. Several numerical results are analyzed to demonstrate high reliability and free locking of the proposed method.
INTRODUCTION
The plate structure has been played a significant important role in the application to engineering analysis. The study of its behaviour has been for long time and the plate bending in which it contains complex problems still continuous to be discussed by engineers and scientists. In the theory of plates there are two different cases of plates that are the Kirchhoff and the Reissner -Mindlin plate. In the intuitive answer, engineers normally wi ll choose t he Reissner -Mindlin plate as being to use t he conforming C 0 ·-elements for approximations. An advantage of the Reissner -:tvlindlin model over the biharmonic plate model is that the energy involves only first derivatives of the unknowns and so conforming finite element approximations require the use of c 0 -class element instead of t he required C 1 -element for the biharmonic model. As shown in the literatures, the numerical analysis of the Reissner -Mindlin theory has to use a specia l care in order to avoid t he so-called shear locking phenomenon due to the limit of the small thickness. The development of general procedures to overcome t h is drawback is an active research area. As the t hickness tends to zero, the Krichhoff constraint appears in the Reissner -Mindlin model and locking phenomenon is frequently met if low-order elements are employed. There are many ways to overcome shear locking phenomenon and stabili ty such as a reduced integration or a selective reduced integration, see Reference [1], on other terms of t he strain energy. For an example with a four-node quadrilateral element , the 2 x 2 Gauss point integration is considered for the bending strain energy and the 1 x 1 Gauss point integration is used for the shear strain energy. Concerning on this research topic, a lot of publications has found in the literatures [2 , 3] .
Considering a general quadrilateral plate element, a start of work is to interpolate the deflection and the two rotations of four-nodal element . An approach used collocation constrain of shear approximation on boundary element then was proposed by Bathe et al. [5] for bilinear plate element. Here the discretized fields consist of the later displacement , the rotations and shear strain. While the deflection and the rotations continuous employing c 0 -approximation, the shear strain is interpolated by points on the edges of element . This method give a good result and free locking . It is known as MITC4 or Bathe-Dvorkin element [5] . Many versions then have been developing this method for the hi gh degree of approximate fields, see e.g the textbook [3] .
To resolve shear locking in mesh-free methods for the Reissner -Mindlin model , a stabilized conforming nodal integration (SCNI) has been proposed as a normalization for nodal integration [8, 9] of meshfree Galerkin weak form. In this approach , the strain smoothing stabilization has been introduced in SCNI to meet integration constraints and thus fulfills the linear exactness in the Galerkin approximation of the second order partial differential equations. Then Wang and Chen (2004) [4] also have shown that the cause of shear locking in Mindlin -Reissuer plate formulation is due to inability in the approximation functions to reproduce Kirchhoff mode, and the incapability of the numerical method to achieve pure bending exactness (BE) in the Galerkin approximation. In this paper, a curvature smoothing method ( CSM) is proposed to normalize strain fields .
In the mesh-free methods using stabilized nodal integration, the entire domain is discretized into cells defined by the field nodes, such as the ceJJs of a Voronoi diagram [8, 9] . Integration is performed along the edges of each cell. Although meshfree methods obtain good accuracy and high convergence rate, the non -polynomial or usually complex approximation space increases the computational cost of numerical integration. Recently, applications of the SCNI to the FEM had been developed by a uthors such as Liu et al. [6] , Nguyen et al. [7] for 2D problems. It shown that the FEM with smoothed techniques gives stabilized results and high accuracy.
The aim of this paper is to extend the application of the SCNI to the FEM for plates. A curvature smoothing technique is utilized to compute the bending strains. The shear strains is approximated by an independent interpolation fields in the natural co -ordinate system. A new element that overcomes the shear locking is proposed.
The outline of the paper is organized as follows. In the next section we present the basic equations of plate problem and weak form. The curvature smoothing stabilization and the finite element discretization using the CSM are introduced in section 3. Several numerical examples are given in Section 4 . Finally, Section 5 closes some conclusions and further works.
GOVERNING EQUATIONS AND WEAK FORM
Let D be the region in R 2 occupied by the middle plane of the plate. w and f3 = (f3x, {3y)T denote the transverse displacement and the rotations in the x-z and y-z planes, see Fig. 1 , respectively. For simplicity, we will consider problems with the hard clamped boundary conditions. However, it can do well for several other boundary conditions. Assuming that the material is homogeneous and isotropic with Young's modulus E and Poisson ratio v, the governing differential equations of Reissner-Mindlin plate are of the form, 
The element stiffness matrix K is symmetric, positive definite. Using a low-order element as np is equal to four, the elements are locked in the limitation of thin plate. Therefore, there are various approaches for eliminating locking found in the literatures [2, 3] . The aim of this paper is to propose a stabilized integration for a quadrilateral plate element such as: (1) apply the curvature smoothing method that is originated with a mesh-free stabilized conforming nodal integration [4] to the first term of Eq. (2 .11 ) ; (2) approximate the shear strains with independent interpolation functions (namely the MITC4 [5] ) into the second term. By associating the conventional FEM and the CSM developed for mesh-free nodal integration, the presented method for plates is the idea being as follows: ( 1) elements are present, as in the FEM, but smoothing cells is considered by partitioning element into many sub-cells (2) integration is carried out either on t he elements themselves , or over smoothing cells, forming a partition of the elements (3) applying the CSM on each smoothing cell to normalize local curvature and calculate the bending stiffness matrix ( 4) approximating the shear strains with independent interpolation functions (mixed interpolated tensorial components) proposed by Bathe et al. [5] and then compute the shearing stiffness matrix.
THE CURVATURE Sl\100THING METHOD
The CSM was proposed by Wang et al. [4] as the normalization of local curvature. A curvature smoothing stabilization is created to compute nodal curvature by a divergence estimation of a spatial averaging of curvature fields. This curvature smoothing avoids evaluating derivatives of mesh-free shape functions at nodes and thus eliminates deflective where <I> is a smoothing function that generally satisfies the following properties [4, 9] <I> 2: 0 and { <I>dO = 1.
(3. 2) lo.h For simplicity, <I> is assumed to be a step function defined by The smoothed element curvature stiffness matrix is obtained by the following form
where nc is number of smoothing cells of the element, see Fig. 3 . Here, the integrands are constant over each De and the non-local curvature displacement matrix reads
From Eq. (3.7) , we can use Gauss points for line integration along each segment off~; In approximating bilinear fields , if the shape function is linear on each segment of a cell's boundary, one Gauss point is sufficient for an exact integration.
where xf and lf are the midpoint (Gauss point) a~d the length of rf, respectively.
The smoothed curvatures lead to high flexibility such as arbitrary polygonal elements, and a slight computational cost reduction. The element is subdivided into nc non-overlapping sub-domains also called smoothing cells. Fig. 3 is the example of such a division with nc = 1, 2, 3 and 4 corresponding to 1-subcell, 2-subcell, 3-subcell and 4-subcell elements. Then the curvature is smoothed over each sub-cell. Now we approximate the shear strains with independent interpolation fields in the natural coordinate system. It comes as follows [2] : .. 
NUMERICAL RESULTS
To coin four-node quadrilateral plate element with stabilized conforming nodal integration, we label to be MISCk (a Mixed Interpolation with Smoothed Curvatures for four-node quadrilateral Reissner-Mindlin plate element) -with smooth k E {1, 2, 3, 4} subcell on the bending terms. For instance, the MISCl element is the result of stabilized conforming nodal integration in which only one subcell is used to integrate the bending part of the element stiffness matrix. We also use the reduced/selective integration quadrilateral element (Q4-R) for comparison with the MITC4 and the MISCk elements.
Patch test
First we investigate the element behaviour with the patch test. This is a numerical technique to prove that the proposed method will or will not converge. A plate with five quadrilateral elements is given in Fig. 4 . The boundary deflection is assumed to be [10] . The results shown in Table 1 enjoy that the MITC4 element and the MISCk element pass the patch test while the element Q4-R fails. Also, note that the element Q4 that uses full numerical integration on both bending and shear terms cannot pass patch test. A simply supported square plate is given in Fig. 5 subjected to a uniform load . The geometry and material parameters are given as length L = 10, thickness t = 0.1 , Young's modulus E = 1092000, Poisson's ratio v = 0.3 and p = 1. The series solution considered as analytical solution of Kirchhoff theory is given in [11] . Although a shear correction factor now is chosen to be a large value k = 1000 that the finite element solutions often converge against the Kirchhoff solution, the convergence behaviour of the MISCk elements in this case is very good for the deflection and the bending moment, see in Fig. 6. 
Razzaque's skew plate model
A rhombic plate with skew angle 60° simply supported soft( w = 0) on two opposite edges and free on the remainder two edges. This plate which was originally mentioned by Razzaque [12] subjected to a uniform load p = 1. Problem model and initial mesh with Application of the curvature smoothing technique for fou r-node .. . Table 2 show that the accuracy of the presented method is always better than that of the MITC4 element.
-
CONCLUSION
A quadrilateral plate element based the mixed interpolation with smoothed curvatures has been proposed. Except the MISCl element that exists two zero energy modes, the MISC2, MISC3 and MISC4 elements maintain a sufficient rank. Moreover all proposed Fig. 7 . A simply supported skew plate subjected to a uniform load [ 12] 0.9589 elements do not exhibit shear locking in limitation of thin plate. It is also shown that the MISCk element passes patch test. The present method gives a simple computation and gains the slightly high accuracy. Through ~umerical results we can purify the best element that is the MISC2 element. Another advantage of the method, emanating from the fact that the bending stiffness matrix is integrated on element boundaries instead of on their interiors is that the proposed formulation still gives accurate and convergent results for extremely distorted meshes .
Our results only derive from computing a uniform refinement of the mesh. Singular problems such as above skew plate or corner plate consume a deal of computational cost with uniform meshes because the convergence is slow. Thereby; a sound knowledge is We thus should combine our method with an adaptive local refinement procedure in order to improve the cost effectiveness of the error bound evaluation. In addition to the above points, the authors believe that the curvature smoothing technique herein is seamlessly extendable to complex problems such as non-linear material and geometric problems, rid of shear locking in shell formulations .
The above points will be treated in forthcoming papers.
